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1. Introduction.

Let X be a closed subset of R? and m € N. Whitney’s extension theorem
[20] gives an extension operator (here and in what follows it means a con-
tinuous linear extension operator) from the space £™(X) of Whitney jets
on X to the space C™(R?). In the case m = oo such an operator does not
exist in general and several authors have considered the extension problem
in different situations. Mitiagin [9] presented an extension operator for a
closed interval in R, Seeley [15] did so for a half-space of R?. Applying
Whitney’s method, Stein [16] constructed an extension operator when X is
the closure of a Lipschitz domain in R?. Bierstone [1] proved the existence
of an extension operator for X with the boundary of Hélder’s type, Tidten
[17] did so for closed subsets of R? admitting some polynomial cusps. In [11]
(see also [12]) Pawtucki and Plesniak gave a construction of a such operator
for compact sets satisfying the Markov Property ( see Section 5). In elab-
oration of Whitney’s method Schmets and Valdivia proved in [14] that the
existence of an extension operator Q : £(K) — C*(R%) for a compact set
K C R implies the possibility to take such a map for which all extensions
are analytic on R?\ K. For the extension problem in the classes of ultrad-
ifferentiable functions see for instance [2] and [13] and the references given
there.

In this paper we construct an extension operator @ : £(K) — C®(R?)
by extending the elements of basis of the space £(K) for some model cases
of a compact set K. The idea to give an extension operator in this manner
goes back to Mitiagin [9].

2. Preliminaries.

Let K C R? be a compact set. Suppose that K = Int(K). The space
E(K) of Whitney functions on K is the space of functions f : K — R?
extendable to C°- functions on R%. The topology of Fréchet space in £(K)
is given by the norms

(72, /)9 (2)]

‘Z — Zo‘p_ljl

!If\!p:!f!p+sup{ L 2,2 €K, 2 # 2, mgp},

p € Ny := {0,1,...}, where |f|, = sup{|fPV(2)] : z € K, |j| < p}, j=
(s ja) € N with ] = o+ . + ja and B2, f(z) = f(z) — T2 f(2) is the
Taylor remainder. In what follows we will consider only the cases d = 1 or
d = 2 and the following model compact sets:

1) K= {O} U Uzozl I, C [O, 1] C R, where [, = [ak,bk] = [l’k — 5k7xk +5k]
with a; | 0 and hy := ap — bgy1 > 0 for all £.

2) Ky ={(z,y) e R?: 0 <z <1, |yl <¢(x)}, where ¢ is a nondecreas-
ing function on [0, 1], 0 < ¢(z) < z, ¥(+0) > 0.

We use the Chebyshev polynomials

T, (z) = cos(n - arccos ), |x| < 1, n € Ny.
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Let T, be the Chebyshev polynomial considered on R and for fixed inter-
val I, let Tnk denote the scaling Chebyshev polynormal that is T, nk( ) =
fn(%), and let T, be the restriction of T, on I, Thx = 0 otherwise
on K.

By & we denote the functional &,x(f) = %foﬂ f(zy + 0y cost) cos ntdt,
n € Ny (if n = 0, then we take 1 instead of 2 in the coefficient). Clearly, for
fixed k the functionals (£,;) are biorthogonal to the system (T};).

By | - |-, we denote the dual norm of a functional in the corresponding
space. We adhere to the convention that > . = 0 for m > n and
0° = 1, log will denote the natural logarithm.

3. Basis for the first model case.

Let us give a generalization of the basis construction from [7]. Suppose
that for some constant C

(1) b, < Co(sk, 0 < Cohk, k € N.
Let [ : N — Ny be a nondecreasing function. For fixed £ € N and n < (k)
let e, = Tox and e, = 0 otherwise on K. If n > [(k), then let
[0,bx]NK

enk = Thi. To introduce the biorthogonal functionals we take 7, = & for
n > (k). If n < I(k), then 1, be the projection of &, on the subspace
spanned by the previous functionals, that is

Mk = &k — > r(€in1) Ginmr.

Since &, is biorthogonal to all polynomials of degree less than n and to
all e;5_1 which are T;,_y for ¢ > [(k — 1), the sum above is only over
i =mn,--,l(k—1)— 1. The system of functionals (1), —; is total on
E(K) and biorthogonal to (ex),~q - (see [7], L.3.2). In order to use the
Dynin-Mitiagin criterion of property of being a basis ([9],T.9):

(2) Vp3q, C : lenkllp - (k|- < C, Vn, k,

we choose the function [ in the following way. Since the sequence (Jy);2; is
not monotone in general, let 8, = maz{d;,j > k}. Then O 4 0 and &y, > 0.

Let 1(k) = [log ",/ 10g(3C)], where [a] denotes the greatest integer in a.
Then [ 1 oo and

(3) I(k) <82, (3C)'™ <6, k>2

Theorem 1. Let for a compact set K = {0} U, Ii, the assumption (1)
hold. Then the system {enk, Nnk },20 -1 5 @ basis in the space E(K).

Proof: Fix p € Ny. Let ¢ = 3p+ 3. To simplify notation here and in what
follows we use the same letter C' for any coefficient which does not depend

onn and k.
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We first obtain some estimations for the case n < I(k),k € N. For n < p
L.4.2in [7] and (1) imply

lenkllp < C27pLo "2y < Com6 L
If p <n < I(k), then similarly
lenkll, < C2"nP 6,0y Ph P, < C2HPS, PSP,
Thus in both cases, applying (3) we see that

(4) lentlly < Co ™52
On the other hand, for functionals we get as in [7]
k=)=t s T T 0
k \n k=1 — Lk i k \n (k)
nk(€ir—1)] < 2 3 —)" (3C,
S (el € 35 @M ) < (600

< (3%)" 8,1y, by (3). Therefore, by L.4.1 in [7]
[kl =g < O[] + 621 (8/Gk1)"].

Besides, (55—:)” < 6,flin("’p)(5,;ffl. In fact, for n < p it is trivial; for n > p
(1) implies that & < Cydg_1 and (55’“ )P < Ch < 8,1, by (3). Thus,

(5) Dk |—q < C 61 + gmmp) ga-p=2

Now for given [(k) and ¢ let us fix k, such that l
Ny x N into three disjoint zones: Zy = {(n, k) :
max(q,l(k))}, Z1 = {(n, k) : 1 < k, m < n}, Zg

The zone Z, contains only finite number of elements, hence the products
lenkllp - [Mnk|—q are uniformly bounded here.

If (n,k) € Zy, then n > (k). Here as in T.5.1 from [7] we have ||T,,;||, <
Cn?45, " and |&ur]|—y < C (0r/n)?. Therefore, the products ||Toxllp - [€nkl—g
are umformly bounded as well.

The same conclusion can be drawn for the zone Z; by (4) and (5) due to
the choice of g. This gives (2), and the proof is complete. O

-

k) > q. We decompose
kE<k,0<n<m:=
(k) kg < kon <

I |/\A

4. Continuous linear extension operator .

For compact sets from the previous section (under the assumption of
monotonicity of (dx), (hy)) we have the following geometric criterion of the
extension property (see [6], T.3): an extension operator exists if and only if
for some constant M and for all k&

(6) S > 00t

Let us show that whenever this operator exists (for compact sets with (1))
it can be given by extending of the basis elements of the space £(K).
Given an interval [a,b] and 7 > 0 let w = w(a,b,7,2) be a C>—
function with the following properties: w(x) =1 for x € [a,b]; w(x) =0 if
dist(z,[a,b]) > 7 and |wW|y < C;777 for some constant C;, j € Ny.
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Set T, = Cy2(n? +1)718, for (n,k) € Ny x N. Then min{hy, hy_1} >
Tok, V1, k, as is easy to see. Let wyi(x) = w(0, by, Tk, ) for n < I(k) and
Wk () = w(ag, by, Tk, ) for n > 1(k). Clearly,

(7) w0 < C(n?+1Y 6.7, j €N, (n, k) € Ny x N.

Define énk = Tnk: * Wnk and

Q:EK) = CoR): f = > ) narlf) - .

k=1 n=0

Theorem 2. Let for a compact set K = {0} UJ;—, I the assumptions (1)
and (6) hold. Then Q is a continuous linear extension operator.

Proof: Since €| = enr due to the choice of 7,;, we see that @ is an
extension operator. Clearly it is linear. Let us show that @) is well-defined
and continuous. Given p € Ny let ¢ = (M + 3)p + 4. Let the function [(k)
and k, be the same as in the previous section.

For each polynomial P the extremal properties of Chebyshev’s polynomi-
als imply the following bound

|P(2)] < |z + Va2 — 11" sup{| P(2)| : |2 <1}, [a] > 1.

Therefore we get |11 (14¢)| < (142y&)"T\ (1) ife < 1/4 and |17 (z)] <
e2(n®>+1)" for |z| < 1+ (n*+ 1)~ Tt follows that if dist(z,I;) < Tu, then
T3 (@)] < (n? + 1),

Using the Leibnitz formula and (7) we get for n > [(k)
(8) |Enrlp < C(n*+1)P6, 7.

_ Consider 0 < n < I(k) and x with dist(z, [0,bg]) < 7. The polynomial
T, can be written in the form

(9) To(x) =276, " H(CE —0;),

where 6; € I, Since |z — 6;| < by + T < (Co + 1)k, an easy computation
shows that

T3 (@) < 276 n (Co+ DA™ < 57615,
by (3). From this as before
(10) [Enklp < COTOTT

Clearly it is valid also for n = 0.
Fix f € £(K). To deal with |Q(f)|,, we use the following decomposition
corresponding to the chosen zones

kg m—1 I(k)—1

Q(UNp < Z +ZZ+ Z Z |7k ()] - [Entlp-

k=1n k=1n=m  k=kq+1 n=
6

3
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Let us consider the double sums above separately. The first sum contains
only a finite number of items, hence it is bounded from above by C||f||,,
where the constant C' does not depend on n and k.

For the terms of the second sum we have as before

|9 ()] = 16 (F)] < C (0 /n) N1 f s

which gives the desired conclusion when combined with (8).
For the last sum we can rewrite (5) in the form

()] < C (8 + G2 fllg-

The number of summands with respect to n here is [(k), which is smaller
than 0, ',. Taking into account (10) and (6), we see that the last series
converges as well.

Thus the operator @ is well defined and [Q(f)|, < C||f|l,-

O

Remark. The case of a compact set K with the property &, = o(6},), VM,
corresponds to a plane domain with the sharp cusp. The basis in the space
E(K) can be constructed here as well, but the extension operator does not
exist. Analytically speaking, there are no 7, suitable for all n, k from the
zone Zs.

5. Comparing two methods of extension .

In [11] (see also [12]) Pawtucki and Ple$niak suggested an extension op-
erator @ : £(K) — C*®(R?Y) in the form of a series containing Lagrange
interpolation polynomials with Fekete-Leja system of knots. The basic as-
sumption for their construction was the following Markov Property of a
compact set K:

30, |PY)y < C - (degP)il|P|y, Vj € NE, VP,

Here P is a polynomial, |-|o is considered in the space £(K).

Our method of extension has the disadvantage of being very special. At
the same time it is “more explicit”, since the disposition of Fekete-Leja
system of extremal points is only known for a few types of compact sets.
Besides it can be applied for some classes of compact sets without Markov’s

Property.
Consider, as an example, the case
(11) 6k+1 = 6[3/[7 bk = CO(SICJ ke N7

with M > 2, Cy > 6. Then the hypothesis of Theorem 2 is fulfilled but the
Markov inequality is not satisfied for certain polynomials on K. ( Compare
this with [5].)

Proposition 1. The compact set K under the assumption (11) does not

have the Markov property.
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Proof: Without loss of generality let ¢, = exp(—M k~), ke N. Fix meN
and consider the polynomial P(z) = z - [[}, v - Tnk(x), where v, =
T, .(0). We take np, =1, ng = M™Hm=D+-4+0+0 for | <m — 1.

Clearly, P'(0) =1 and degP =1+ 7", n < M™ . We will show that

|P(2)| < by, € K.
It will follow the absence of the Markov property of K as
1 < CM"™ Cyexp(—=M™), m — oo

is a contradiction for fixed C, p. .

Fix z € K. If © < b, then |y, - T,x(x)] <1,k =1,2,....,m, and the
desired bound of |P(z)| is obvious. Consider now z € [;, 1 <j <m—1.
Then

1P@) < byl T 1 - Torl)],
k=j+1
as all other terms of the product are less than 1.
To estimate the remaining terms, we use the bound
2n_1(Ak/6k)n < |Tnk(x)| < Qn_l(Ak/(Sk + 2)”, n > 0, Ak = diSt(I, ]k)7
which is clear from (9).
T bj\n, _ Cod; n —n;
Therefore, |v;-T,r(2)] < (32)™ = ((6'03—2)61) #and |y;] < 2(2C)—4)7™.
Hence,

|P(z)| < 2Cy exp(—M7)(2C, — 4)™™ exp kz g [M* — M7 + log( & = )

—=j+1

Since M7 > M > log% > log(cfﬂQ) due to the choice of M, Cy;

2exp(—M7) < 1 and npM* = n;_;, we have
m—1

log(|P(x)|/bm) < M™ — n;log(2Co — 4) + Y _ ny.

k=j

From M™+ ZZ:; n, < 2n;, log(2Cy —4) > 2 it follows that the expres-
sion on the right is negative and |P|y < b,,, as claimed. O

6. Bases and extension operators for the space C>(Q,).

We now turn to the case of the compact set K, being the closure of the
plane domain €, = IntK, of the cusp form. Since the set K, is regular
in Whitney sense, we have C*(Qy) ~ £(Qy), where C*°(Q) is the space
of infinitely differentiable in €2 functions such that the functions and all
their derivatives are uniformly continuous on the domain, equipped with
the norms ([ - |,)72,.

To analyze topological properties of the space C*(Q) the property Q of
being uniformly polynomially cuspidal (see [10], [11]) is important. For our

case it can be given by the following condition:
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(12) AN, 1o: Y(r) =7V, 0< 7 <.

(Without loss of generality we don’t allow the domain €, to have a cusp
at the points (1, £¢(1)).)

Due to the Vogt-Tidten criterion ([17],[19],T.2.4) an extension operator
Q : E(K) — C®(R?) exists for a compact set K with Int(K) # 0 if and
only if the space £(K) is isomorphic to the space s of rapidly decreasing
sequences. In particular Tidten [17] (see also [1]) proved the existence of a
such operator for compact sets admitting polynomial cusps.

On the other hand, for the domain 2, we have the following characteri-
zation([4],T.1.3):

Theorem 3. The following statements are equivalent:

(1) the function v satisfies the condition (12);

(ii) the compact set Qy, has Markov’s property;

(i) C(Qy) ~ s.

For the convenience of the reader we briefly sketch the proofs.

The implication (i) = (i7) can be obtained by using the Holder continuity
property of the Green function with the pole at infinity for the domain C\ €2,
(see, e.g. [10], where Pawlucki and Plesniak proved the Markov property
for wide class of uniformly cuspidal subsets in R%.)

For (ii) = (iii) we can use [3], where a basis was constructed in the
space C°(Q) for the domain Q C R? with the boundary of Hélder’s type
(see also [22] for a more general case). The basis can be constructed out of

oo

the polynomials (P,)%, ortogonalized in the Sobolev space W;T)(Q) with
certain natural » depending on the domain. In our case one can take r > “TH
with u being fixed from the definition of the Markov property. Then for any
function from the space C*°(€),) the sequence of coefficients of its basis
expansion rapidly decreases.

To prove (iii) = (i) we use the fact that the space C>({,;) belongs to
the class D; ([21]) or has the dominating norm property DN ([18]) as the
space which is isomorphic to s, that is dp : Vg 3r, C' :

(13) 17 SClfLIfl feC™(Qy),

where p,q,7 € Ny, C' > 0.
Suppose, contrary to our claim, that for some sequence (7,,), 7, | 0 we
have

(14) W(r,) <77, neN.

For the function w,(z) = w(0,7,/2, 7,,/2, x) let us take
fo(z,y) = y? w, (), (z,y) € Qy,n € N, where p is fixed from the definition
above. Set ¢ = p+1 and fix r, C' such that (13) holds. Using (14), it is easy
to check that |f], < Cpio(r) < Cor, | flg > 1£2(0,0)] > (p+ 1), |f], <
C,7P17" where the constants C),, C,. do not depend on n.
9



Substituting these bounds into (13) we get a contradiction for big n.
Hence, (14) is impossible.

Thus, whenever an extension operator @ : C®(€2,) — C®(R?) exists,
the construction of Pawhucki and Ple$niak gives an explicit form of ). At
the same time it can be given by extending the basis elements (P,);, of
the space C(Qy).

In fact, let ©(z,y) = ©(Qy, 7, 2,y) € C(R?) be a function such that
w(z,y) = 1 for (z,y) € Qy, O(z,y) = 0 if dist((z,y),Qy) > 7 and |@[, <
Cpm7?, p € Np.

Following Plesniak ([12], T.3.3), by Markov‘s Property of Q, we have for
some constants M, iy and for every polynomial P with degP > 0 the bound
|P(x,y)] < M|Plo if dist((z,y), Q) < (degP)~"0. We can certainly assume
that pg is the same as p in the definition of the Markov Property, since
otherwise we replace the smaller value by the larger one.

After normalization of the basis polynomials (P,)>, we have |P,|o =
1,n € Ny. Clearly, degP, < n. Extending the polynomials analytically we
take P, = P,&,, where @, = 0(Qy, (degP,) ", z,y) for n > 1 and @y =
0(Qy, 1,2, y).

Using the Leibnitz rule and the Markov property of Qy we get |P,|, <
D,(14degP,)"?, where D, does not depend on n. But in the basis expansion
f=>"0"0&(f)P, the sequence (&,(f)) is rapidly decreasing, therefore the
operator

Q: C%(Qy) = CX®) : [ 3 &(f) - P

is continuius and the following proposition holds.

Proposition 2. If there exists a continuous linear extension operator () :
C>=(Qy) = C>(R?), then it can be given by replacing all basis elements in
the basis expansion of a function by their extensions with tilde.

7. The case of graduated cusp.

Fix the sequence (ax);2; with the properties: a; | 0; 3C : % < apyy <
(1-— %)ak, Vk. For any sequence (¢y)52, with ¢ < 1, ¢y | 0 consider the
step function ¢ : ¥(x) = ¢y if ap < 2 < ag_1,k € N (here ay = 1) and the
corresponding domain €2, in the form of graduated cusp. In [8] a basis was
constructed in the space C*°(€),,) for arbitrary sharpness of the cusp Q. If
the function v satisfies (12), that is 3NV :

(15) Y >ay, k€N,

then there exists an extension operator, which can be given by both methods
considered before.

On the other hand, following [8] we can construct a special basis in the
space  C({,). At first we can choose a sequence (by)72, such that

b — ax = 20 . 0 and the condition (1) holds. Denote by Ry the rectangle
10



lak, bi] X [—k, ¥x], by R}, the rectangle [by, ax—1] X [~k ¥i).
Set K = {0} U, Ry.

Let epmi(z,y) = enk(:v)Tm(%)‘K, n,m € Nyg, k € N. For f € E(K) let

4 i vy
Enmi(f) = ) / / f(xy + Ok cost, 1y cos T) cos nt cos mrdtdr
™ Jo Jo

( here instead of 4 we take 1ifn=m=0o0r 2if nm=0,n+m #0 ). Set
Noamk () = Eumr(f) for n > 1(k), where [(k) is the same as in Section 3. If
n < I(k) then let

nnmk<f)_i2/ / [f (x) + O cost, iy cos T) cos nt—
™ Jo Jo

I(k—1)—1
f(zr_1 + Op_1cost, iy cosT) - Z Enk(€i—1) cosit] cosmrdtdr.

Arguing as in [8], we see that the system {e, nnmk}fﬁi{)’k:l is a basis
in the space £(K). Moreover the result still holds if we drop the assumption
(9) in [8): ¥ < 62,k € N, which was suitable for the sharp cusp but is
unnecessarily restrictive here.

The task now is to construct a basis in the space C*(Qy,). Let &, (2, y) =
Enk ()T (), (2,y) € Qy, where €, is the same as in Section 4. The deriv-
ative éffk) (x) has the same (up to a factor C};) upper bound as egk) (x) due to
the choice of the parameters 7, in the smooting functions w,;. Therefore
the projection

§:C%(Qy) = C(Q)  F ) > Y Mk (flie) - Enm
k=1 n=0 m=0
is well defined and continuous. -

In this way we have the representation C*°(€2,) = X; @ X, with X; =
S(C=(0), Xo—{f € C=(Q) : suppf © Uy Ri} — (B2,51(C=())s
where Si(f) = f — S(f) on R, and 0 otherwise on €,. The functions
(énmk):;si ok—1 give a basis in the subspace X;. For the basis in the sub-

space Sk(COO(Qw)) we take ﬁnmk(x,y) = ﬁnk@)Tm(%ﬂ), where iznk(:v) =

h, (tan(“%)) for by, < x < ag—_1, hur(z) = 0 otherwise on [0, ;] and
h,, is a classical Hermite function. Here we have used Mitiagin’s construction
([9], L.26) of the basis in the space C§°[—1, 1] of C>°— functions vanishing
at the endpoints of the interval [—1, 1](see also [8]).

Our last goal is to construct an extension operator using this special basis.
Set @(y) = w(—tx, Yr, (M2 + 1)1y, y), k €N, m € No._
Let Cumk(®,9) = Ent(@)Tn(Z0)0(y) and ha(@,9) = Foge () Ton (L) ().
Now the functions with hat belong to the space C*°(R?). Since the proof
of continuity of the corresponding extension operator is quite similar to

the above, the details are left to the reader. Note that for the estimation
11



1Q(f)|, < C|f|, we can take ¢(p) > 3 + p - max{[N, 3}, where N is given in
(15).

Proposition 3. Let a graduated cusp domain $y be defined by the sequence
(Yr) satisfying (15). Then the functions énmk,ﬁnmkﬂ, n,m € Ng, k € N
form a special basis in the space C*(Qy). If in the basis ezpansion of a
function we replace all basis elements with tilde by their extensions with hat,

then the received map is a continuous linear extension operator C°(€,) —
C>(R?).
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